This paper employs uncertain programming to deal with uncertain optimal assignment problem in which profit is uncertain. Within the framework of uncertain programming, it gives the uncertainty distribution of the optimal assignment profit, and the concept of α-optimal assignment for uncertain optimal assignment problem is proposed. Then α-optimal model is also constructed. Taking advantage of properties of uncertainty theory, α-optimal model can be transformed into a corresponding deterministic form, which can be solved by Kuhn-Munkres algorithm.
Introduction
Optimal assignment problem is a special type of linear programming problem, which is usually met by decision-maker. The optimal assignment problem can be briefly stated as: Assume that in a certain company, m workers are available for n jobs, each worker being qualified for all of these jobs. By adding virtual jobs or workers with 0 profitability, we may assume that the numbers of workers and jobs are equal, i.e., m = n. If the profits of the workers in different jobs are different, how can the decision-maker find an assignment such that the total profit of the workers is maximized? This problem is called optimal assignment problem (OAP).
The optimal assignment problem is a classical combinatorial optimization problem that has extensive research in the last century. In early period, assignment problem was investigated in deterministic environment. Various approaches such as Kuhn-Munkres algorithm [15, 28] , auction algorithm [1] have been developed to find efficient solutions to the assignment problem. However, in application, some uncertain factors will appear because of the lack of history data, insufficient information or some other reasons. As a result, it is not suitable to employ classical algorithms in these situations.
Some researchers employed probability theory to deal with these uncertain factors. The research of random assignment problems dated back to Donath [7] , who investigated the limiting behavior of the linear assignment problem by solving randomly generated instances. Later, one of the first results concerning the behavior of random linear assignment problem was obtained by Walkup [34] , who established an upper bound for the expected cost of optimal assignment. In 1982, Burkard and Fincke [3] investigated the asymptotic behavior of random instances of the quadratic bottleneck assignment problem. Stronger results for random quadratic assignment problem that has been developed in the papers by Burkard and Fincke [4] and Szpankowski [33] . For more research of random assignment problem, we may consult Pferschy [31] , Grundel et al. [13] , Nair et al. [29] , etc.
In 1965, Zadeh [38] proposed the concept of fuzzy sets to deal with imprecision in real life situation. Since then, fuzzy assignment problems have received great attention. For instance, Chen [5] investigated a fuzzy assignment model that did not consider the differences of individuals, and proved some theorems. Dubois and Fortemps [8] proposed a flexible assignment problem, which combines with fuzzy theory, multiple criteria decision-making and constraint-directed methodology. Lin and Wen [17] proposed an efficient algorithm, labeling algorithm, for the fuzzy assignment problem. Many other researchers, such as Feng and Yang [9] , Majumdar and Bhunia [27] , Liu and Gao [26] , have done a lot of work in this field.
However, if uncertain factor comes from the decision-maker's empirical estimation, it is not suitable to employ random variable or fuzzy variable to describe this kind of uncertain factor. In order to deal with human data, such as empirical estimation, uncertainty theory was proposed by Liu [18] in 2007 and refined by Liu [24] in 2010. Liu [25] said that "when the sample size is too small (even no-sample) to estimate a probability distribution, we have to invite some domain experts to evaluate their belief degree that each event will occur. Since human beings usually overweight unlikely events, the belief degree may have much larger variance than the real frequency and then probability theory is no longer valid. In this situation, we should deal with it by uncertainty theory." It is too adventurous if we deal with the belief degree by probability theory, because it may lead to counterintuitive results.
This paper concerns about uncertain optimal assignment problem (UOAP) in which profit is uncertain. Obviously, the profit of each assignment in uncertain optimal assignment problem is uncertain, and we cannot get an optimal assignment in the normal sense. In this paper, the concept of α-optimal assignment for uncertain optimal assignment problem is proposed, which is an optimal assignment under some confidence level constrains. After that, we investigate the uncertainty distribution of optimal assignment profit. Fortunately, under the framework of uncertainty theory, the uncertainty distribution of optimal assignment profit is obtained easily. Also, α-optimal model is proposed to find α-optimal assignment. Taking advantage of properties of uncertainty theory, α-optimal model can be transformed into a corresponding deterministic from. This provides an effective method to find a solution to the α-optimal model, that is, we can employ any classical algorithm to find an optimal assignment on the deterministic problem. In this paper, the classical algorithm we employ is Kuhn-Munkres algorithm.
The paper is organized as follows: Section 2 presents some basic concepts and properties selected from uncertainty theory, and then describes the history and applications of uncertain programming. Section 3 describes uncertain optimal assignment problem and proposes the concept of α-optimal assignment. Section 4 gives the uncertainty distribution of the optimal assignment profit. Section 5 constructs the α-optimal model, and derives the method to find α-optimal assignment. Section 6 illustrates the proposed method by an example. At the end of the paper, a brief summary is presented in the last Section.
Preliminaries
In 2007, Liu [18] proposed uncertainty theory to describe uncertain phenomena, especially expert data and subjective estimation. Recently, much research work has been done on the development of uncertainty theory. For example, Liu [19] proposed uncertain processes which is a sequence of uncertain variables indexed by time or space. Later, uncertain calculus was initialized by Liu [20] to deal with differentiation and integration of functions of uncertain processes. Based on uncertain calculus, Liu [19] introduced uncertain differential equation. After that, Chen and Liu [6] proved the existence and uniqueness theorem for uncertain differential equations. In order to describe uncertain knowledge, Li and Liu [16] proposed the concept of uncertain logic. Furthermore, uncertain inference was introduced by Liu [20] via conditional uncertain measure. Later, Gao et al. [10] derived some expressions of Liu's inference rule for uncertain systems. In financial mathematics, Liu [20] gave an uncertain stock model and a European option price formula. After that, Peng and Yao [30] proposed a new uncertain stock model and some option price formulas. In addition, uncertainty theory was also applied to uncertain statistics (Liu [24] , Wang et al. [35, 36] ), uncertain risk analysis and uncertain reliability analysis (Liu [23] ), and uncertain control (Liu [22] , Zhu [39] ).
Uncertainty Theory
Founded by Liu [18] , uncertainty theory is a branch of mathematics based on normality, duality, subadditivity, and product axioms. In this section, we will introduce some useful concepts and properties of uncertainty theory. 
Then the inverse function Φ −1 is called the inverse uncertainty distribution of ξ.
where a and b are real numbers with a < b.
where a, b, c are real numbers with a < b < c.
Definition 3 [24] An uncertainty distribution Φ is said to be regular if its inverse function
and is unique for each α ∈ (0, 1).
If Φ is regular, uncertainty distribution Φ is continuous and strictly increasing at each point x with 0 < Φ(x) < 1. Also, Φ −1 is continuous and strictly increasing in (0, 1). In this paper, we will assume all uncertainty distributions in practical application are regular. Otherwise, we may give the uncertainty distribution a small perturbation such that it becomes regular. A real function f (x 1 , x 2 , · · · , x n ) is said to be strictly increasing if f satisfies the following conditions: 
is an uncertain variable with inverse uncertainty distribution
Example 3: Let ξ 1 and ξ 2 be independent uncertain variables with uncertainty distributions Φ 1 and Φ 2 , respectively. Since the function
is strictly increasing with respect to x 1 and strictly decreasing with respect to x 2 , the inverse uncertainty distribution of the difference
Example 4: Let ξ 1 , ξ 2 , ξ 3 are independent uncertain variables with uncertainty distributions
is strictly increasing with respect to x 1 , x 2 and strictly decreasing with respect to x 3 , the inverse uncertainty distribution of (
It also can be calculated easily that the inverse uncertainty distribution of linear uncertain variable
and the inverse uncertainty distribution of zigzag uncertain variable Z(a, b, c) is
Uncertain Programming
As a type of mathematical programming involving uncertain variables, uncertain programming was founded by Liu [21] in 2009. Assume that x is a decision vector, ξ is an uncertain vector, f (x, ξ) is an objective function, and g j (x, ξ) are constraint functions, j = 1, 2, · · · , p. In order to obtain a decision with minimum expected objective value subject to a set of chance constraints, Liu [21] proposed the following uncertain programming model,
subject to :
A key problem in the research area of uncertain programming is how to solve the model like (1). Fortunately, under the framework of uncertainty theory, the uncertain programming model (1) is equivalent to the crisp model
where f (x, ξ 1 , ξ 2 , · · · , ξ n ) is strictly increasing with respect to ξ 1 , ξ 2 , · · · , ξ m and strictly decreasing with respect to ξ m+1 , ξ m+2 , · · · , ξ n , and g j (x, ξ 1 , ξ 2 , · · · , ξ n ) is strictly increasing with respect to ξ 1 , ξ 2 , · · · , ξ k and strictly decreasing with respect to ξ k+1 , ξ k+2 , · · · , ξ n . After converting the uncertain programming model to a crisp model, we may solve it by simplex method, cutting plane method, tabu search, interior point method, genetic algorithm, and so on.
In order to show the applications of the model as mentioned above, the models of uncertain programming on system reliability design, machine scheduling problem, project scheduling problem, facility location problem, vehicle routing problem and so on, were given by Liu [21] , respectively. Later, Bhattacharyya et al. [2] introduced a novice solution methodology for multi-objective optimization problems having the coefficients in the form of uncertain variables. In addition, Yan [37] provided two models for portfolio selection in which the securities are assumed to be uncertain variables. After that, Huang [14] introduced a risk curve and developed a mean-risk model for uncertain portfolio selection. Furthermore, Rong [32] proposed two models of economic order quantity for inventory based on uncertainty theory. In addition, Gao [11] investigated the shortest problem with uncertain arc lengths. At nearly the same time, Gao [12] proposed two uncertain models for single facility location problem.
Problem Description
A typical optimal assignment problem with n workers and n jobs, presented in the classic manner, is shown in profit matrix P , where p ij indicate the profit made by worker i on job j. The problem is to find an assignment that maximizes the total profit of the workers,
The optimal assignment profit is a function of P , which is denoted as f (P ) in this paper. In classical deterministic optimal assignment problem, each profit p ij is a positive crisp value. The optimal assignment problem can be solved easily in this case, since there exists an effective algorithm for determining an optimal assignment in profit matrix P . The algorithm, due to Kuhn and Munkres, called Kuhn-Munkres algorithm.
Following example illustrates how to obtain the optimal assignment by Kuhn-Munkres algorithm. After employing of the Kuhn-Munkres algorithm to the profit matrix P , an optimal assignment A is presented in Table 1 , whose total profit of the workers is f (P ) = 4 + 4 + 5 + 6 = 19.
However, in practical applications, because of the lack of history data, some uncertain factors will appear. In this situation, the profit data can only be obtained from the decision-maker's empirical estimation. As is mentioned before, we should deal with it by uncertainty theory.
Could we deal with the belief degree by probability theory when we are lack of history data? It is not suitable because probability theory may lead to counterintuitive results in this case. Let us consider a counterexample.
Assume there is a worker and 50 jobs, the profits made by the worker on the 50 jobs are iid normal random variable N (90, 1). It is easy to verify that Pr{the profit made by the worker on each job is more than 80} ≈ 1.
In other words, there is no doubt that the profit made by the worker on each job is more than 80. However, when there do not exist any observed data for the profit made by the worker on each job at the moment. In this condition, we usually invite some domain experts to evaluate the belief degree about it. As we stated before, usually the belief degree has much larger variance than the real profit made by the worker. Let us imagine what will happen if the belief degree is treated as probability.
Assume the belief degree looks like a normal probability distribution N (90, 90). If we want to deal with this problem by probability theory, then we have to regard the profits made by the worker on the 50 jobs as iid normal random variables with expected value 90 and variance 90. Then we immediately have Pr{the profit made by the worker on each job is more than 80} ≈ 0.
Thus it is almost impossible that the profit made by the worker on each job is more than 80. Unfortunately, the results (3) and (4) are at opposite poles. That is to say, it leads to a contradictory result if we deal with the belief degree by probability theory. However, if we deal with the belief degree by uncertain measure, then we have
M{the profit made by the worker on each job is more than 80} ≈ 0.9.
Do you think the uncertainty theory provides a acceptable explanation about the result of experiment? In this paper, the uncertain factor for optimal assignment problem is the profits for workers. We employ uncertain variable to describe the profit of each worker, that is, each profit p ij replaced by a nonnegative uncertain variable ξ ij . Obviously, the optimal assignment profit is an uncertain variable. Before starting model construction, some notations and assumptions are listed in Table 2 . uncertain variable of the profit made by worker i on job j, and all the uncertain variables ξij are positive and independent P profit matrix with uncertain profit ξij xij zero and one decision variable on profit ξij A an assignment forP f (P ) the optimal assignment profit ofP Ψ(x) the uncertainty distribution of f (P ) Then, we know thatÃ is an assignment if and only if:
Remark 1:
If worker i is assigned to job j, then x ij = 1; otherwise x ij = 0. The first constraint requires that every worker is assigned to exactly one job, and the second constraint requires that every job is assigned exactly one worker.
It is clear that the profit ofÃ is
Different from that in deterministic profit matrix P , the assignment profit is an uncertain variable in uncertain profit matrixP . Then, how can we get the optimal assignment? Following, we give a type of optimal assignment, α-optimal assignment, which is an optimal assignment under some confidence level.
Definition 4 LetP be an uncertain profit matrix,Ã
* an assignment. ThenÃ * is called α-optimal
for assignmentÃ, where w(Ã * ) stands for the total profit of α-optimal assignmentÃ * and w(Ã) stands for the total profit of assignmentÃ, and α is a predetermined confidence level.
The practical meaning of α-OA is natural. Given an α ∈ (0, 1), we hope to get a largest weight W and a assignmentÃ * , where uncertain variable w(Ã * ) is larger than W with confidence level α.
As is mentioned before, the optimal assignment profit f (P ) is an uncertain variable. Then for uncertain profit matrixP , what is the uncertainty distribution of f (P )? How can we get α-optimal assignment? The following sections will give the answers.
The Uncertainty Distribution of f (P )
Given a profit matrix P , it is clear that f (P ) is a strictly increasing function. Then for an uncertain profit matrixP , we can get the inverse uncertainty distribution of f (P ) by Theorem 1, immediately.
Theorem 2 LetP be an uncertain profit matrix, ξ ij have regular uncertainty distributions
From Theorem 2, we can obtain the uncertainty distribution of f (P ) in numerical sense. The following example illustrates this.
Example 6: Assume there are three workers and three jobs in a certain company, and the uncertain profit matrix isP
For simplicity, if ξ ij = c is a constant, we set Φ Employing the Kuhn-Munkres algorithm, we can obtain that
Repeating this process, we can obtain Ψ(α), for any α ∈ (0, 1), and then get the uncertainty distribution Ψ satisfying any predetermined accuracy.
α-Optimal Model
Within the framework of uncertainty theory, the concept of α-optimal assignment is proposed in section 3. In order to obtain α-optimal assignment, we will construct α-optimal model in this section. Taking advantage of some properties of uncertainty theory, this model can be transformed into a corresponding deterministic form.
Theorem 3
LetP be an uncertain profit matrix, ξ ij have regular uncertainty distributions Φ ij , i, j = 1, 2, · · · , n, respectively. Then, the α-optimal assignment ofP is just the optimal assignment of P , where P a profit matrix, and
Proof According to Definition 4, α-optimal assignmentÃ * is the optimal solution to the following α-optimal model:
Since ξ ij have regular uncertainty distributions Φ ij , i, j = 1, 2, · · · , n, respectively. Then model (6) can be equivalently transformed to the following deterministic model:
0≤i,j≤n
Clearly, model (7) is equivalent to
In fact, model (8) describes the optimal assignment in profit matrix P , whose elements p ij are Φ 
Example 8: Suppose the elements of uncertain profit matrixP are all zigzag uncertain variables ξ ij ∼ Z(a ij , b ij , c ij ), i, j = 1, 2, · · · , n, respectively. Then the α-optimal model can be transformed into the following form:
Case 2: α < 0.5
6 Numerical Experiment
In the past literature, the methods of genetic algorithm, tabu search algorithm or some other hybrid intelligent algorithms were usually employed to find the optimal solution to uncertain programming problems. However, these methods lack rigor. What is worse, some of them are of high computational complexity. Theorem 3 provides an effective method to find the α-optimal assignment in uncertain profit matrixP . That is, we only need to employ Kuhn-Munkres algorithm to find the optimal assignment of a corresponding deterministic profit matrix P . Generally speaking, we can obtain α-optimal assignment in uncertain profit matrixP by following 3 steps:
Step 1: Calculate Φ −1
Step 2: Construct a deterministic profit matrix P , whose elements p ij = Φ −1
Step 3: Employ Kuhn-Munkres algorithm to get the optimal assignment in profit matrix P .
The optimal assignment we get in Step 3 is just the α-optimal assignment in uncertain profit matrix P . Repeating this process gives the uncertainty distribution of f (P ).
In order to illustrate the method as mentioned above, we shall present an example in this section. For the convenience of description, we summarize the problem as follows. Suppose that a taxi firm has five drivers available, and five customers wishing to be picked up as soon as possible. Now, the decisionmaker should make an assignment plan such that the total profit (or time) of the drivers is maximized (or minimized). Before making the plan, the decision-maker needs to obtain the basic data, such as level of drivers' understanding on the traffic condition, driving skill of each driver, and so on. In fact, since the plan is made in advance, we generally cannot obtain these data exactly. For this condition, we usually obtain the uncertain data by means of expert advice. Assume that all uncertain variables ξ ij are listed in uncertain profit matrixP ,
Assume α = 0.9, we will show how to obtain the 0.9-optimal assignment.
Step 1: Calculate Φ −1 ij (0.1) of ξ ij listed in Table 3 . Step 2: According to the data in Table 3 , we construct a deterministic profit matrix 
Step 3: Employing Kuhn-Munkres algorithm to the profit matrix P , the optimal assignment A is presented in Table 4 , whose total profit of workers is 3.1 + 3.2 + 3.1 + 3.1 + 3.6 = 16.1. According to Theorem 3, the optimal assignment A in Table 4 is just the 0.9-optimal assignmentÃ * in the uncertain profit matrixP , and Ψ(16.1) = M{f (P ) ≤ 16.1} = 0.1, i.e., M{f (P ) ≥ 16.1} = 0.9. For different α, we can obtain Table 5 . Remark 2: (i, j) in Table 5 means that worker i is assigned to job j.
Repeating this process, we get the uncertainty distribution of f (P ) in numerical sense, which is drawn by MATLAB in Figure 1 . 
Conclusion
In practical application, uncertain factors often appear in optimal assignment problem. This paper concerns about uncertain optimal assignment problem in which the uncertain factor is described by uncertainty theory. In order to construct uncertain programming model, the concept of α-optimal assignment is proposed. After that, α-optimal model is given.
With the help of uncertainty theory, the uncertainty distribution of the optimal assignment profit is derived, and the α-optimal model can be transformed into a corresponding deterministic form, and then we can use Kuhn-Munkres algorithm to find its optimal solution.
Step 1: If H is complete for G, then H is optimal. Stop. Otherwise, there is some unmatched x ∈ X. Set S = {x} and T = ∅.
Step 2 Step 3: Choose a vertex y in N G l (S), not in T . If y is matched in H, say with z ∈ X, replace S by S ∪ {z} and T by T ∪ {y}, and go to Step 2. Otherwise, there will be an H-augmenting path P from x to y. Replace H byĤ = H∆E(P ) and go to Step 1.
Remark 3: In
Step 2, the number of computations required to compute Gl is clearly of order n 2 . Since the algorithm can cycle through Step 2 and Step 3 at most |X| times before finding an H-augmenting path, and since the initial matching can be augmented at most |X| times before an optimal matching is found, we see that the Kuhn-Munkres algorithm is an effective algorithm.
